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SINGULAR LOCUS ON THE SPACE OF GENUS 2 CURVES 
WITH DECOMPOSABLE JACOBIANS. 



LUBJANA BESHAJ 



Abstract. We study the singular locus on the algebraic surface &„ of genus 
2 curves with a (n, n)-split Jacobian. Such surface was computed by Shaska 
in [15] for n = 3, and Shaska at al. in [3] for n = 5. We show that the singular 
locus for n = 2 is exactly th locus of the curves of automorphism group D4 or 
Dg. For n = 3 we use a birational parametrization of the surface S3 discovered 
in [15] to show that the singular locus is a 0-dimensional subvariety consisting 
exactly of three genus 2 curves (up to isomorphism) which have automorphism 
group D4 or Dg. We further show that the birational parametrization used in 
63 would work for all n > 7 if &„ is a rational surface. 



1. Introduction 

We study the singular locus on the space of genus 2 curves with a (n, n)-split 
Jacobian. Such curves have been of much interest lately because of their use in many 
theoretical and applicative situations. The first part of the paper is based on several 
papers on the topic of genus two curves with split Jacobians; see [T][3||9][TTJ|l4j[T6||2T] 
among others. 

In the first section, we study genus 2 curves with split Jacobian. Let A' be a 
genus 2 curve defined over an algebraically closed field k, of characteristic zero. 
Let i\> : X — ¥ E be a degree n maximal covering (i.e. does not factor through an 
isogeny) to an elliptic curve E defined over k. We say that X has a degree n elliptic 
subcover. Degree n elliptic subcovers occur in pairs. Let (E; E') be such a pair. It 
is well known that there is an isogeny of degree n 2 between the Jacobian Jac (X) 
of X and the product E x E 1 . We say that X has (n,n)-split Jacobian. 

The locus of genus two curves with (n, rt)-split Jacobians is an irreducible 2- 
dimensional algebraic variety. There are many descriptions of it in the literature, 
but throughout this paper we will use only the embdedding of such space in the 
moduli space M. 2 . In other words, we would like an equation of such space where 
every point corresponds precisely to one isomorphism class of genus 2 curves. We 
denote such surface by 6„ and always think of it given by an equation in terms 



of the absolute invariants 11,12,13 of genus two curves; see 21 . We will call the 
surface & n the Shaska surface of level n. 

The case with (3, 3)-split Jacobian was studied in [15]. These are the curves 



with degree 3 elliptic subcovers. Shaska in 15 computed the locus of curves X 
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with degree 3 elliptic subfield in the moduli space of genus 2 curves. We will give 
the explicit equation of this space and also a graphical representation of it. It was 
the first time that such an equation was computed other than the computationally 
trivial case for n = 2. 

In [3] was studied the case with (5, 5) - split Jacobian by Shaska, Magaard, and 
Voelklein. There was computed a normal form for the curves in the locus 65 and 
its three distinguished subloci. Further, they have computed the equation of the 
elliptic subcover in all cases, gave a birational parametrization of the subloci of 
65 as subvarieties of M.2 and classify all curves in these loci which have extra 
automorphisms . 

In section 2 of this paper we compute the singular locus, T2, of the space ©2, 
and the singular locus T3 of the space ©3. The definition of the singular locus 
depends on the parametrization of the surface. For the case of n = 2 we prove that 
the singular locus of ©2 is exactly the locus of genus 2 curves with automorphism 
group -D4 or Dq. This computations were done using Maple 14. 

If the surface ©„ is rational then we show how to obtain a birational parametriza- 



tion for ©„ using the invariants of binary cubics, which were used first in 15 



Throughout this paper by a genus two curve we mean the isomorphism class 
of a genus two curve defined over an algebraically closed field k. While most 
of the results are true for most characteristics, we assume throughout that the 
characteristic of k is zero. 



2. Preliminaries 

2.1. Genus 2 curves with split Jacobian. Let A" be a genus 2 curve defined 
over an algebraically closed field k, of characteristic zero. The affine version of this 
curve is given by the equation X : y 2 = F(x), where F{x) is a polynomial of degree 
5 or 6 and discriminant different from zero. Let 

ip : X -+ E 

be a degree n covering, where n is odd and E is an elliptic curve. The degree n 
covering ip : X — > E induces a degree n cover <f> : P 1 — > P 1 such that the following 
diagram commutes. 

X 



E P 1 




Here, tti : X — > Pi and 112 : E — > P2 are the hyperelliptic projections. So, (j) n i = 
7r 2 o ip. From Riemann- Hurwitz formula the number of branch points is 4, or 5. 
The ramification of the function <j> is as follows; there are points of index 2 in 
q%, (72 and (73, and points of index 2 in (74, and there is only one point of index 
2 in (75. We denote this type of ramification by 

((2)^,(2)^,(2)^,(2)^,(2)). 

In the following figure bullets (resp., circles) represent places of ramification index 
2 (resp., 1). 
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Figure 1. Ramification of < 



51 when n = 3 



The family of coverings <j> : P 1 — > P 1 , is an irreducible 2-dimensional algebraic 
variety. For every (j) there exists a genus 2 curve C . Let H. be the family of coverings. 
We have the map 

[4>] -+ [x] 

Let a(H) be denoted by S„. So, we say that these curves X are parametrized 
by an irreducible 2-dimcnsional subvariety & n of the moduli space Ai 2 of genus 
2 curves. The fact that & n is irreducible, for n odd, comes from the braid action 
on Nielsen classes. It is known that this is the case for all n = 1 mod 2; see 20 
among others. Computation of spaces & n as a subvariety of M. 2 has first computed 

3 and then by Shaska, Magaard, and Voelklein for n 
Ai 2 the Shaska surface of level n. 



by Shaska in 15 for n 
see j3j. We will call the space a(H) 



5; 



2.2. Pairs of elliptic subcovers. Let -01 : X — !• E\ be a covering of degree n 
from a curve of genus 2 to an elliptic curve. The covering ipi : X — > E\ is called 
a maximal covering if it does not factor over a nontrivial isogeny. A map of 
algebraic curves / : X Y induces maps between their Jacobians /* : Jy — s- Jx 
and /„ : Jx —> Jy- When / is maximal then /* is injective and ker(f^) is connected, 
see 20 for details. 
X 



Let i/ji 



Ei be a covering as above which is maximal. Then tp*^ : E\ — > Jc 



is injective and the kernel of : Jx — > E\ is an elliptic curve which we denote 
by E 2 , see 17 or 21 . For a fixed Weierstrass point P € C, we can embed C to its 



Jacobian via 



Let g : E 2 
g* : J x -> E 2 . 
sequence 



i P : X — > J c 
x -> [(*) - (P)} 

-> Jc be the natural embedding of E 2 in Jc, then there exists 
Define ip2 = 9* ° tp '■ X — > E<i- So we have the following exact 



0^E 2 



Jx 







The dual sequence is also exact, see 20 



E 2 ^0 

The following lemma shows that ip 2 has the same degree as ipi and is maximal. 
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Figure 2. Splitting of the genus two curve 

Lemma 1. a) deg (V> 2 ) = n 
b) 1P2 is maximal 

For the proof see |20 . If deg(ip\) is an odd number then the maximal covering 
ip2 ■ X — > E2 is unique (up to isomorphism of elliptic curves) . 

To each of the covers ipi : X — > Ei, i — 1,2, correspond covers cfn : P 1 — !• P 1 . 
If the cover ipi : X — > E\ is given, and therefore <f>\, we want to determine 
ip2 '■ X — y E 2 and 2 . The study of the relation between the ramification structures 
of 4>\ and (j)2 provides information in this direction. The following lemma answers 
this question for the set of Weierstrass points W = {Pi, . . . , Pq} of X when the 
degree of the cover is odd. 

Let ipi : X — > Ei, i = 1,2, be maximal of odd degree n. Let Oi £ Ei[2] be the 
points which has three Weierstrass points in its fiber. Then, we have the following: 

Lemma 2. The sets 4>i l {Oi) H W and ip2~ 1 (@2) H W form a disjoint union of W. 

Thus, the elliptic subcovers occur in pairs. 

2.3. Describing the Shaska surface & n in M.2- Consider a genus two curve X 
defined over fc, given with equation 

X: y 2 = a 6 X 6 + a 5 X 5 + ■ ■ ■ + a Q . 

Igusa J -invariants {J2i} of X are homogeneous polynomials of degree 2i in 

k[a ,...,a 6 }, fori = 1,2,3,5; 

see 21 , 10 for their definitions. Here J10 is simply the discriminant of f(X,Z). 
These J2i are invariant under the natural action of SL2(k) on sextics. Dividing such 
an invariant by another one of the same degree gives an invariant under GL2(k) 
action. 

Two genus 2 fields K (resp., curves) in the standard form Y 2 = f(X, 1) are 
isomorphic if and only if the corresponding sextics are GL 2 (fc) conjugate. Thus if 
/ is a GL2(k) invariant (resp., homogeneous SL2(k) invariant), then the expression 
I{K) (resp., the condition I{K) — 0) is well defined. Thus the GL2(k) invariants 
are functions on the moduli space A^ 2 of genus 2 curves. This M2 is an affinc 
variety with coordinate ring 

k[M 2 ] =k[a ,...,a 6 , J^] GL ^ 

which is the subring of degree elements in fc[J2, . . . , J10, J\a\- The absolute 
invariants 

H := 144-2, z 2 : = -1728 -3 , i 3 := 486— g-, 

J 2 J 2 ^2 

are even GL 2 (A;)-invariants. Two genus 2 curves with J 2 ^ are isomorphic if and 
only if they have the same absolute invariants. If J 2 — then we can define new 
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invariants as in [21] . For the rest of this paper if we say "there is a genus 2 curve 
X defined over fe" we will mean the fc-isomorphism class of X . 

Remark 1. The definitions ofi x ,i 2 ,ia with J 2 in the denominator is done simply 
for computational purposes. 

Let 

F(X) = a 3 X 3 + a 2 X 2 + a x X + a , and G(X) = b 3 X 3 + b 2 X 2 + b x X + b 
be two cubic polynomials. We define the following invariants 

H(F, G) := a 3 b - \ > a 2 b x + ^a x b 2 - a b 3 

We denote by R(F, G) the resultant of F and G and by D(F) the discriminant of 
F always with respect to X. Also, 

H(F,G) 3 H(F,G) i 
ri(F ' G) = l?(W r2(F ' G) = D(F)D(GY 

I 1 t < H(F G) 2 

In 2 it is shown that r x ,r 2 , and r 3 = j^rp ^ form a complete system of 
invariants for unordered pairs of cubics. 

Every curve X in & n is written as a product of two cubics. In other words, its 
equation is 

y 2 = F(X) ■ G(X) 

for some F(X),G(X) e k[X]. We will use the invariants r x ,r 2 in relation with 
these cubics. Since the discriminants of such cubics can not be zero (otherwise the 
curve is not a genus two curve) then D(F), D(G) are nonzero. For the same reason 
F(X) and G(X) don't have any common factors. Hence, R(F,G) 7^ 0. Thus, r x ,r 2 
are everywhere defined. 

3. Computation of singular locus T n 

Throughout this section we will use x, y, z for absolute invariants i\, i 2 , i 3 respec- 
tively. Let & n be the Shaska surface of level n given by 

& n (x,y,z) = 

Then, its singular set is defined as the solution of the system 

ox 

de It = 

(1) { dx 

ox 

k & n (x,y,z) = 
3.1. The singular locus T 2 . The equation of & 2 is given by 
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FIGURE 3. The surface & 2 graphed in R 3 . 

Then we have the corresponding system from which we eliminate z and get 

. = 1 ^1 jx,y) 
82944 fa(x,y) 

where <pi and (f>2 are as follows; 

<j>i{x,y) = 104976 y 2 + 5211 x 5 - 48600 y 2 x + 69984 yx 2 + 3375 yx 4 + 450 x 3 y 2 

- 50544 a; 4 - 675 x 2 y 2 + 104976 a; 3 + 2025 a;y 3 - 10800 y 3 + 20 x 6 + 250 / 

- 37800 a; 3 ?/ 

fo{x,V) = 1250ya; 2 - 121500 xy - 3779136 - 359100a; 2 - 11250 y 2 + 6375 a; 3 
+ 421200 y + 2274480 x 

The locus 7~2 which has 3 irreducible components which we describe below alge- 
braically and graphically. 

The first component is given by 

Ci : 100 y 2 - 1458 y + 540 xy - 243 x 2 + 80 x 3 = 

it corresponds to the locus of genus two curves with automorphism group D4. 
The second component is given by 

C 2 : 3888 a; - 1188 a; 2 + 5 x 3 +432 y- 360 xy - 25 y 2 = 

and it corresponds to the locus of genus two curves with automorphism group Dq. 
The third component of T2 is given by the following system 

f 50 a; 4 - 7515 a; 3 - 825 yx 2 + 20412 a; 2 - 23490 xy - 4050 y 2 + 52488 y = 

3 ' \ 125 y 2 ~ 1620 y + 1125 xy ~ 5832 x + 1890 a; 2 + 25 a; 3 = 

The solution of the C3 system is 

( 1 408240 x - 33525 a; 2 - 944784 + 250 a; 3 

i V ~ 75 ~ -864 + 55 a; 

I 125 a; 3 - 9450 a; 2 + 247860 x - 944784 = 
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Figure 4. The component C\ 

and the points (x, y) given by 

/ 729\ /81 729 \ / 36 1512\ 
V'~50)' V 20 ,_ 2007 ' \~~5 , ~25~) 
However, only the first point is on the variety and it is 

/ 729 729 \ 
V '"50"' 128000007 

and has automorphism groups are D4 and therefore is contained in the first com- 
ponent. 

We summarize in the following theorem: 

Theorem 1. The singular locus ojTi contains two components, the irreducible loci 
of curves of automorphism group D 4 and D 6 . 




Figure 5. The component C 2 
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3.2. The locus 7i- In this section we compute the singular locus T% of ©3. The 
equation of ©3 is quite large and was computed in [15] . Below we display this 
equation &(x,y,z) mod 5. 

20 I 19 . n 18 , , 17 2 . Q 18 . , 17 , -18 2 . „ IB . „ 15 3 . , 16 , 15 2 
:c 4- 3 x 4- 3 x y 4- 4 x y 4- 3 x + 4i z + Ji y 4- 2 x yz 4- 2 x y -f 4i z 4- 2 x y 

, . 15 , 15 2 . 13 3 , o 14 . 13 2 . 13 2 , . 12 3 , , 12 2 2 , 11 4 , 10 5 
+ 4x yz + 2 +a; y z 4- 3 x yz 4- x y z 4- x yz + 4x y z 4- 4 x yz + a? y z 4- x yz 

, 13 2 12 2 , 12 3 , 11 3 , 11 2 2 , n 11 3 , i 10 4 , 10 3 2 

+ 4i z -j- x i/ z + 4x z 4- 3 x y z -\- 6 x y z -\- 2 x yz 4- 4 x y z -\- 2 x y z 

lo 95 . 9 4 2 , 8 6 . 77 . . 5 10 . „ 12 2 , Q 11 2 . „ 11 3 , , 10 3 . , 9 4 
-\-2xyz-\-2xyz -\-2xyz-\-xyz-\-Axy + Ji z 4- 3 X yz +ox z 4- 4 x yz 4- 4 x y z 

I0 932.„ 923 I0 85 ..842, 833, 76 . n 7 5 2 , 5 8 , n 4 10 . 49 
4- 3 x y z 4- 2 x y z + 3xyz4-4xyz 4- 3 x y z -\-2xyz-\-2xyz -\-Sxyz-\-2xy -\- x y z 

, o 3 11 , 2 12 , „ 10 3 , , 9 2 2 , , 9 3 , 9 4 , , 8 3 2 , , 8„ 2 3 , n 8 4 . „ 7 4 2 
4- 2 x y + x y -f 2i z -\- 6 x y z 4- 4 a; yz 4- x z 4- 4 x y z 4- 4 x y z -(- 2 x yz 4- 3 x y z 

, 6 6 .. 652.o 643.o 57 . 553 l/1 472 lo 3 10 l o39 i ,1 3 „S 2 , Q 12 
4-2xyz4-4xyz 4- 2 x y z 4-3xyz4-xyz + 4i y z + 2 x y 4-3xyz4-4xyz 4- 3 xy 

, . 11 | q 13 r j 9 3 | 8 3 ( o84 lo 723 10 7 4 , 7 5 . 642. 6 3 3 , Q 6 2 4 
4- 4 xy z 4- o y 4- 4 x z 4- x yz +dx 2 4-23; yz + 2 x yz -\- 2 x z -\- x y z + x y z -j- 6 x y z 

1 6 5,. 552. 543, 534, 4 6 2 , „ 4 5 3 . 444 io 363 io 29 ,,, 282 
4- x yz 4- 4 x y z -\- x y z -\- X y z -\- x y z 4- 2 x y Z + x y z -\- 6 X y z -\-£xyz-\-6xyz 

,, 27 3., 10 „ 12 , n 11 1 74. 623 io 6 4 lo 65.. 533. 524 io 5 5 
4- 4 x y z 4-4 xy z -\- a y + 2 y z 4- x z 4- x y z 4- 3 x yz 4- 3 x z 4- 4 x y z 4- x y z 4- 3 x yz 

, Q 5 6 1 443,. 434. 425., 344,,, 3 3 5. n 272,. 2 6 3 . 254 
4- 3 x z -\- 2 x y z 4- 4 x y z 4- x y z 4- 4 x y z -\- 6 x y z -\- 2 x y z 4- 4 a; y z 4- 2 x y z 

10 82 10 73.o 10 10 92 10 64, 5 4 , 5 5 . 424 10 46, 334 
4- 2 xy z 4-3 xy z + 3 y z + dyz 4- 2 x z 4- 3 x yz |« 2 4- x y z 4- 3 x z 4- 2 x y z 

i 325 l0 253, 244 10 63, 5 4 , „ 4 5 , n 7 3 , 55, n 45, 3 5 
4- 3 x y z 4- 3 x y z + 3 x y z 4-3 xy z 4-2 xy z 4-2 xy z 4- 2,y z + y z 4- 2 x z + x yz 

lo 36,„234, n 225 in 2 6 , n 44, 54,.45, n 35 10 2 5.. 26, 25 
-\- 6 x z 4- 2 x y z +2xyz 4- 2 x yz 4- 2 xy z -\- 6 y z 4- 4 y z 4- 2 x z 4- 3 x yz 4- 4 x z 4- xy z 

4- 3 y 2 z^ 4-xz^ +3 y 2 z^ 4-4z 7 4- 3 z 6 — 



Let A 1 be a genus 2 curve in the locus ©3. Then, X is given by the equation 

(2) y 2 = (4x 3 v 2 + xV + 2xf + l)(x 3 ^ 2 + x 2 uv + xv + 1), 

see [l9] for details. In |15 was computed the equation of ©3 using the map 

: (u,v) -» {iut2ih) 
where the absolute invariants i\^2-> ^3 i n terms of u 7 v are 
(3) 

11 =—, ^ —(1188m 3 - 8424™ + uv - 24u 4 

n(-405 + 252m + 4u 2 - 54m - 12mm + 3m 2 ) 2 v 

+ 14580m - 66m 3 m + 138mm 2 + 297m 2 m + 945m 2 - 36m 3 + 9m 2 m 2 ) 

864 . 3 4 g 2 . no . 5 2 

12 =- m 2 (-405 + 252m + 4m 2 - 54m - 12mm + 3m 2 )3 ^ 81v U + 2u V + 2Mu V 

+ 3162402mm 2 - 21384m 3 m + 26676m 4 - 473121m 3 - 72m 6 m - 5832m 4 m + 14850m 3 m 2 
- 72m 3 m 3 + 324m 4 m 2 - 650268m 3 m - 5940m 3 m 2 - 3346110m 2 + 432m 6 - 1350m 4 m 2 
+ 136080m 4 m - 7020m 5 m - 307638m 2 m 2 

(v- 27)(4m 3 -m 2 m- 18mm + 4m 2 + 27m) 3 

13 ~ _ m 3 (-405 + 252m + 4m 2 - 54m - 12mm + 3m 2 ) 5 

The map 

9 : (u.v) (ii,i 2 ,i 3 ) 

given by ^ which has degree 2 and it is defined when J 2 ^ 0. For now we assume 
that J 2 7^ (The case J2 = is treated in Section 4.2, of 15 ). Denote the minors 
of the Jacobian matrix of 8 by Mi(u, v),M 2 (u, v),Al 3 (u 7 v). The solutions of 
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(4) 



' Mi{u,v) = 
M 2 (u,v) = 
M 3 (u,v)=0 



consist of the (non-singular) curve 

(5) 8v 3 + 27v 2 - 54w 2 - u 2 v 2 + W8u 2 v + Au 3 v - 108u 3 = 

and 7 isolated solutions which we display in Table 1, together with the correspond- 
ing values (ii, i^), the automorphism group, and the number of elliptic subcovers. 



(u,v) 


(«l,«2,i3) 


Aut(K) 


e 3 (K) 


(-1,2) 


J10 = 0, no associated 
genus 2 field K 






/ 775 125 \ 
V 8 ' 96 /' 

(25 250 \ 
k 2 ' 9 / 


8019 1240029 531441 
20 ' 200 ' 100000 


D 4 


2 


(27-fv^T, + 

(27+ f v^T,23-f v^T) 


( 729 1240029 531441 
V2116' 97336 '13181630464 


D 4 


2 


(-15 + fv^.f + fv / 5), 
(-15 -f V5,f -f >/5) 


Ol 5103 729 
° ' 25 ' 12500 


D 6 


2 



Table 1. Exceptional points where det (Jac(9)) = 



Notice that the curve given by Eq. (|5| corresponds to genus 2 curves with iso- 
morphic degree 3 elliptic subcovers. Hence, the cover has singular branch locus on 
such cases. We will see next how this can be avoided when we use the invariants of 
a pair of cubics. 



3.3. Birational parametrization of @ 3 . For F(X) = (4x 3 v 2 + x 2 v 2 + 2xv + 1) 
and G(X) = (x 3 v 2 + x 2 uv + xv + 1) we have 

n(F,G) =27 ^-9-2u) 3 



r 2 (F,G) = -1296 



Av 2 - 18m; + 27v - u 2 v + Au 3 
v(v-9- 2u) 4 



(6) „ ,, 4 



(v - 27) {Av 2 - 18™ + 27 v - u 2 v + Au 3 ) 
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Lemma 3. The function field of & 3 is givenby k{r\,r2). In other words k(ii,i%, 13) 
^( r ii r 2)- Moreover; 



(7) 



9 (13824r?r! + 442368r 2 r 2 ! + 5308416nr| + 192rfr 2 + rf + 786432nr 2 i + 9437184r|^ 



. - • - - = <2) 

4 n(-1152r| + 96r 2 ri +rf) 2 

27 

»a = B 2 , 11KO 2 , -W+79626240r?r 2 1 - 4076863488^ + 34560r?r 2 2 

8rf(— 1152r2 + 96r 2 ri + r^) 3 

+ 12230590464r 2 r 2 + 32614907904rir 2 + 14495514624r 2 + 288rjV 2 + 2211840rir| 
+ r? - 212336640? r 2 + 1528823808r?ri - 2359296rfri) 

r\ 

i 3 = -521838526464- 



r?(-1152r 2 ! + 96r 2 r! + r?) B 




Figure 6. Shaska surface 63 



The solution of the system in 



(8) 



'Af 1 (n,r 2 ) = 
M 2 (n,r 2 ) =0 
l Af 3 (ri,r 2 ) = 



is 



(9) 



1152r| + 96nr 2 + rj = 



and the system 
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3r! 8 + 720 ri 7 r 2 + 69120 r 1 6 r 2 2 + 2048 r 1 5 r 2 2 + 3317760 r x 5 r 2 3 + 79626240 r 1 4 r 2 4 - 417792 ri 4 r 2 3 

- 24772608 ri 3 r 2 4 + 764411904 r! 3 r 2 5 - 113246208 ri 2 r 2 5 + 50331648 ri r 2 5 

- 5435817984 ri r 2 6 - 2415919104 r 2 6 = 
■ 9ri 5 + 1296r! 4 r 2 + 62208ri 3 r 2 2 - 10240r! 2 r 2 2 + 995328ri 2 r 2 3 + 786432r!r 2 3 - 2359296r 2 4 = 

9ri 8 + 2160ri 7 r 2 + 207360ri 6 r 2 2 + 9953280 ri 5 r 2 3 + 38912 ri 5 r 2 2 + 238878720 ri 4 r 2 4 

- 3735552r! 4 r 2 3 + 2293235712 rj 3 ^ 5 - 247726080 r t 3 r 2 4 + 905969664 r t 2 r 2 5 
+ 201326592 rir 2 5 - 5435817984 rj^ 6 - 4831838208 r 2 6 = 

Then we get the following singular points 

/ 512 256 \ / 2 1 \ / 4000 2500 
[jri,V2 ' ~ ^2187' ^ 6561 J ' V243' 11664 J ' V 2187' 6561 

and the corresponding points (respectively) in 63 are: 

8019 1240029 531441 \ 



20 200 100000 
5103 729 \ 



' 25 ' 12500 J ' 
/ 729 1240029 531441 \ 
V2116' 97336 '13181630464/ 

which have automorphism groups respectively -D4, D4, D$, as seen from Table 1. 

Notice that the Eq. ^ is exactly the case for J 2 = where h, 12,13 are not 
defined. 

Corollary 1. The singular locus T3 0/63 are the points 

( 8019 1240029 531441 \ / _5103 729 \ / 729 1240029 531441 \ 
V 20 ' 200 ' 100000 J ' V ' ^5^' 12500 J ' \2116' 97336 ' 13181630464 J 
which have automorphisms group D4, D4, Dq respectively. 

Notice that we have to use a parametrization in order to get the singular locus, 
because it is difficult computationally to compute this locus via partial derivatives. 

4. Some remarks for the general case. 

Let's give a general approach how one can attempt to compute the surface & n 
for n > 7. For n > 7 we get the first general case where the symmetries between 
the fourth and the fifth branch points which occur for degree 5 do not occur any 
longer; see [3J. 

Suppose that n > 7. Then S„ is parametrized by the r\ , ri invariants of two 
cubics. As in [20] we write a system of equations for the degree 7 covering <f> : P 1 — > 
P 1 . 

Let X be a genus 2 curve in & n which has equation 

y 2 = (x 3 + ax 2 + bx + c) (x 3 + ux 2 + vx + w) 

such that a, b, c, u, v are expressed in terms of the two parameters u and v. Let r\ 
and ri be the invariants of the two cubics. Then, there is a birational parametriza- 
tion of & n in terms of parameters (ri,ri), i.e. 

(ri,r 2 ) -> (H,i 2 ,«3) 
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such that k(6 n ) — k{r\,r2)- Moreover, the singular locus of this parametrization 
contains the locus 

J 2 (ri,r 2 ) =0 

While the computation of 6„ for n > 7 is more difficult because the degree is 
larger, it is also true that there are no other symmetries now other than the S3 
action on the first three branch points as described in 15 and [3] for cases n — 3, 5 
respectively. 
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